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Abstract: We divide the free energy near the critical point into two parts. One is the regular 
part, the other is the singular part. The singular part is assumed to be a concrete possible form. The 
singular part in this form is different from Widom scaling hypothesis and can give out the scaling 
laws of the critical exponents about the thermodynamic quantities. Furthermore, the critical 
exponents will be right worked out. We proof the singular part in this form can satisfy the qualities 
of the scaling function mentioned out by Widom. As an assumption, we expect the free energy in 
this form will be significative for the future research. 
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1. Introduction: 
Experimental physicists discovered that the critical exponents about the thermodynamic quantities 
in various phase transitions satisfy the same scaling laws as: 
 22 ≈++ γβα ,                                                     (1)   
   ( )1−≈ δβγ .                                                      (2) 
When the ferromagnetic system is considered, α  is the critical exponent of susceptibility, β  is 
the critical exponent of order parameter, γ  is the critical exponent of the specific heat, and δ  
is the critical exponent of the magnetic field coupled with order parameter. Their experimental 
values are [1]: 
   003.0104.0 ±=α ,                                             (3) 
    325.0=β  ,                                                  (4) 
   23.1=γ ,                                                      (5) 
   15.02.5 ±=δ .                                                 (6) 
When Liquid-vapor phase transition is considered, α  is the critical exponent of compressibility, 
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β  is the critical exponent of order parameter, γ  is the critical exponent of the specific heat, and 
δ  is the critical exponent of the pressure field coupled with order parameter. Their experimental 
values are [2]: 
   0.110α = ,                                                   (7) 
    0.326β =  ,                                                 (8) 
   1.239γ = ,                                                   (9) 
   4.80δ = .                                                    (10) 
L.Landau mentioned out the mean field theory in 1958 [3] and interpreted the phase transition 
phenomenon to some extent. In 1960 V.L.Ginzburg derived a very pleasing argument to show 
when the mean field theory would fail [4]. He argues that the mean field theory is correct when 
fluctuations in the order parameter are much smaller than its mean value. The result is near the 
critical point mean field theory is only reliable for dimensions greater than four [1].  
In 1965, Widom supposed a singular part of the free energy of the system near the critical 
point behaves the form of scaling function and gave out the scaling laws above [5]. His work is 
normally called Widom Scaling Theory. Widom divided the free energy into two parts 
sr FFF += . rF  is the regular part. sF  is the singular part. At the same time, sF  is a 
scaling function ( , ) ( , )p q ns sF t h F t hλ λ λ=  with h  the proportional function of the field 
coupled with order parameter. In 1966, L.P.Kadanoff mentioned out scaling transformation [6] and 
gave out the physical interpretation of Widow Scaling Theory. In this paper, we assume a concrete 
possible form of the singular part of the free energy near the critical point. We proof this form 
leads to the scaling laws Eq. (1-2) and satisfies the qualities of scaling function. In the end we give 
out Fisher Scaling Law without the help of super-scale assumption.      
                                                  
2. Theory 
2.1 Assumption 
L.Landau suggested a most fruitful and general way of looking at mean field theory. When a 
ferromagnetic system in which the dimension of its order parameter is equal to one is considered, 
the free energy ( )MTF , near the critical point can be expanded in an exponent series by order 
parameter M  as: 
( ) ( ) ( ) ( ) ( )2 4 61 1 1, ,0 ...
2 4 6
F T M F T a t M b t M c t M= + + + + ，          （11） 
with   
C
C
T
TT
t
−= .                                                       (12) 
Order parameter M  is a tiny quality near the critical point. As we all know, the free energy in 
the form of Eq. (11) does not lead to right critical exponents. 
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As what Widom did, here we assume that the free energy near the critical point can be 
divided into two parts 
( ) ( ) ( ), , ,r sF M t F M t F M t= + .                                   (13) 
( ),sF M t  behaves the form of  
( ) 1 2, = +y xsF M t D t M D M ,                                       (14) 
with  
0,0,
0,0
{
121112
11
1 <≠≠
>≠=
MDDD
MD
D ,                                   (15) 
0,0,
0,0
{
222122
21
2 <≠≠
>≠=
MDDD
MD
D ,                                   (16) 
4>x ,                                                            (17) 
1>y .                                                             (18) 
11D , 12D , 21D , 22D , y , and x  are constants to be assured. Eq. (14-15) is to satisfy the 
symmetry of the system for M  and M−  when x  and y  are assured. 
    We do think that the singularity of about thermodynamic quantities near the critical point 
comes from ( ),sF M t . So it is acceptable to consider ( ),rF M t  as a constant 0F  when the 
singularity of these thermodynamic quantities near the critical point are considered. 
2.2 0>M  
z Scaling laws 
When 0>M , the free energy near the critical point is written as: 
( )0 11 21y xF F D t M D M= + + .                                      (19) 
In the steady balanced state, the free energy has such qualities as 
0=∂
∂
M
F
,                                                         (20) 
02
2
>∂
∂
M
F
.                                                        (21) 
Eq. (20) can be written as 
012111 =+ −xy MxDtD ,                                            (22) 
with the solutions 
( )1/1
1
21
11 −−


−= xyx t
xD
DM .                                          (23) 
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Thus, 
)1/( −∝ xytM  .                                                     (24) 
The magnetic field coupled with order parameter M  is 
1
2111
−+=∂
∂= xy MxDtD
M
FH .                                      (25) 
At the critical temperature 0=t , 
1
21
−= xMxDH .                                                (26) 
So, 
1−∝ xMH .                                                    (27) 
We calculate the susceptibility as follows 
( )[ ]
( ) x
x
tT
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Dxx
MDxx
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H
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−−
−
−=
−=

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12
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1
1
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χ
.                                         (28) 
When 0=H  and the steady balanced state is considered, the relation of t  and M  is assured 
by Eq. (23). Thus we have 
( ) ( )
( )
( ) ( )
( )[ ]( )xxy
xx
x
xy
x
t
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−−
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1
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.                        (29) 
Thus we have 
( )[ ]( )xxyt −−∝ 21/χ .                                                   (30) 
The specific heat is defined as: 
( )xy
H
H
H
H
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 .                                     (31) 
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When 0=H  and the steady balanced state is considered, HC  is solved to be: 
( )
( ) ( )
2
1
2
11
1
21
1
11
11
1
2
1/
1
1
21
11
21
1/
1
1
21
11
112
2
2
21112
2
2
1
1
1
11
−−
−−−−−−
−−−−
∝






−
+−


−







−+

−=

















−+











−∂
∂=
+∂
∂=
x
yx
x
yx
xx
x
x
x
x
x
xy
x
xy
x
y
xy
H
t
tDD
x
xyx
x
yx
xxT
T
t
xD
DDt
xD
DtD
tT
T
MDMtD
tT
TC
C
C
C
.   (32) 
The definitions of the critical exponents are [7] 
γχ −∝ || t , when 0=H ,                                           (33) 
α−∝ || tCH , when 0=H ,                                          (34) 
β|| tM ∝ , when 0=H ,                                            (35) 
δMH ∝ , when 0=t .                                             (36) 
Comparing Eq. (24, 27, 30, 32) with Eq. (33-36), we have such results as 
1
2 −−= x
yxα ,                                                     (37) 
1−= x
yβ ,                                                        (38) 
1−= xδ ,                                                         (39) 
( )2
1
−−= xx
yγ .                                                   (40) 
Solving Eq. (37-40), we get Widom scaling law and Rushbrooke scaling law: 
22 =++ γβα ,                                                   (41) 
( )1−= δβγ .                                                      (42) 
z Scaling transformations and scaling function 
We consider the transformations of the thermodynamic quantities as 
tt pλ→ ,                                                       (43) 
HH qλ→ ,                                                       (44) 
MM mλ→ ,                                                      (45) 
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s
s sF Fλ→ .                                                       (46) 
Thus the transformation of Eq. (25) is 
    ( ) ( )
→
+=
→
+=
−
−
1
2111
1
2111
xmypq
xy
MxDtDH
MxDtDH
λλλ
                                
( ) ( ) ( ) 112111 −−+= xxmypyq MxDtDH λλλ .                             (47) 
It’s easy to find that the dimensions of Hqλ , ( )ypy tD11λ , and ( ) ( ) 1121 −− xxm MxD λ  are the 
same, and the dimensions of H , ( )ytD11 , and ( ) 121 −xMxD  are the same. And it’s also easy to 
find that 
( )1−== xmpyq λλλ                                                 (48) 
is a solution of Eq. (25, 47). 
If Eq. (44) is right when arbitrary λ  is considered, we have 
( )1−== xmpyq .                                                (49) 
Thus the transformation of Eq. (19) is 
( )
( ) ( ) ( ) ( )
( ) ( )
0 11 21
0 11 21
0 11 21
y x
r
y xs p m m
s py m y mx x
F F F D t M D M
F F D t M D M
F F D t M D M
λ λ λ λ
λ λ λ+
= − = +
→ − = +
→ − = +
.                   (50) 
It is easy to find that 
mxmpys λλλ == +                                                 (51) 
is a solution of Eq. (19, 50). 
If Eq. (51) is right when arbitrary λ  is considered, we have 
mxmpys =+= .                                                (52) 
From Eq. (19, 50, 51), we know function ( )11 21y xsF D t M D M= +  is a scaling function 
as: 
( ) ( ), ,s p ms sF t M F t Mλ λ λ= .                                       (53) 
z Critical exponents 
Solving Eq. (49) and Eq. (52), we get 
qs
sx −= ,                                                        (54) 
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p
qy = .                                                           (55) 
Inputting Eq. (54-55) to Eq. (37-40), we have 
q
sp −= 2α ,                                                      (56) 
p
qs −=β ,                                                       (57) 
qs
q
−=δ ,                                                        (58) 
p
sq −= 2γ .                                                       (59) 
These results are just the ones of Widom’s Scaling Theory. s  is normally interpreted to be 
the space dimension of the system. 
2.3 M 0<  
  When M 0<  is considered, we replace 11D  and 21D  with 12D and 22D  in the 
equations above where 11D  and 21D  appear. Eq. (24, 27, 30, 49, 37-42, 51- 59) will keep the 
same. We expect assumption Eq. (15-16) can bring the difference of the proportional coefficients 
in Eq. (23, 26, 29, 32) when M 0<  and 0>M  are considered separately in concrete physical 
models.  
3. Discussion and conclusions 
3.1 About Eq. (19) 
From the analysis above, we have realized that the free energy in the form of Eq. (19) tends 
to good results including Widom’s Scaling Laws and can obey Kadanoff’s scaling transformation. 
The basis is that the transformations of the thermodynamic quantities obey the zoom-in ratio kλ  
with k  a constant and the assumption Eq. (14). The thing we should point out is that Eq. (14) is 
not a special case of Widom scaling hypothesis [8]: ( ) )/(, //1 jlj tHtHTF ϕ= . Eq. (19) offers 
us information about the way to deal with the free energy from concrete physical model. We will 
discuss this problem in details in another paper, which is in process. When the liquid-vapor phase 
transition is considered, we choose 5648.1,80.5 == yx , the critical exponents can be worked 
out by Eq. (37-40) to be 
1092.0=α ,                                                     (60) 
326.0=β ,                                                      (61) 
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80.4=δ ,                                                       (62) 
2388.1=γ .                                                     (63) 
These data are very near to the experimental ones Eq. (7-10). 
3.2 Correlation length ξ   
We apply scaling assumption 
d
sF ξ −∝ .                                           (64) 
d  is the space dimension of the system. The steady balanced system is considered here. From Eq. 
(14, 32, 64), we can get 
1
1 1
1 1 .
yx yxd
d x x d
sF t tξ
− −− − − ∝ ∝ ∝  
                                      (65) 
According to the definition of critical exponent υ  [7] 
υξ −∝ t , when 0=H ,                                            (66) 
                                                          
we have 
( )
ddx
yx 121
1
αυ −=−= .                                          (67) 
So, 
αυ −= 2d .                                                      (68) 
This is Josephson Scaling Law.  
3.3 Correlation function )(rG  
Fisher modified Ornstein-Zernike Theory in 1964 and got the correlation function below [9]: 
)2(|)( η+−−= ∝ dTT rrG C .                                             (69) 
Eq. (69) is the definition of critical exponent η  [7], too. d  is the space dimension. When a 
system in d  dimension space is considered, according to fluctuation theory, we have such result 
as [10, 11] 
( ) ( )2
1
1a d
a
G r dr G r r drχ −∝ ∝∫ ∫? .                                        (70) 
1a  and 2a  are integral limits to be assured. 
When the problem of phase transition is considered, there are three different important scales. 
They are crystal lattice constant a , correlation length ( )tξ , and space distance er . Here a  
reflects material microscopic structure. ( )tξ  reflects the multi-body-action bound. er  reflects 
the effective bound of fluctuations in the order parameter in the theoretic description. When a 
macroscopic system is considered, these three scales satisfy such a relation as 
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( )tra e ξ≤≤ .                                                        (71) 
Thus we choose 
aa =1 ,                                                             (72) 
( )ta ξ=2 .                                                           (73) 
Eq. (70) is assured to be 
( ) ( )( ) 1t d
a
G r dr G r r dr
ξχ −∝ ∝∫ ∫? .                                      (74) 
We operate Eq. (74) as follows: 
( ) ( )( )
( )( )
1
1
t d
a
t d
a
G r dr G r r dr
d d G r r dr
dt dt
ξ
ξ
χ
χ
−
−
∝ ∝
→ ∝
∫ ∫
∫
?
.                                     (75) 
Applying Eq. (29, 40, 66, 69), we get 
( )[ ]( ) ( )[ ]( ) ( )( )[ ] ( )( ) ( ) 1)2(1121/21/ −−−−−−− ∝∝−− ηνξξξ tt
dt
dttGtxxy dxxy .      (76) 
So, 
( )[ ]( ) 1)2(121/ −−−−−− ∝ ηνtt xxy ,                                               (77) 
)2( ηνγ −−− ∝ tt .                                                         (78) 
Now we have 
)2( ηνγ −= .                                                          (79) 
This is Fisher Scaling Law. 
3.4 What we have done 
In this paper we assume a concrete possible form of the singular part of the free energy near 
the critical point. The result is that we deduced scaling laws and the results of Kadanoff’s scaling 
transformation successfully. In Part 3.3, Fisher Scaling Law Eq. (79) is given without the help of 
super-scale assumption firstly. 
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